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ABSTRACT
Modified inhomogeneous statistical associating fluid theory (iSAFT) density functional theory is
extended to bottlebrush polymers in both good and poor solvent. The detailed structures of side
chains in the implicit solvent are calculated and have a semi-quantitative agreement with simu-
lation. The average brush heights calculated from the theory agree with well-established scaling
theories. iSAFT is easily extended to model bottlebrush polymers with two or more components.
For an amphiphilic core-shell bottlebrush polymer, if the solvent-phobic block is much shorter than
the solvent-philic block, itwill fold towards thebackbone even though it resides at the free endof the
side chain. Similarly, for an amphiphilic mixed-type bottlebrush polymer, the chain length of differ-
ent components has a great impact on the structure and properties of the molecule. The molecule
may not have the response (the switch of outer layer) towards the solvent treatment if one com-
ponent is significantly longer than the other. Our results provide insight into the conformation of
bottlebrush polymers as well as guidance in practical applications.
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1. Introduction

Bottlebrush polymers contain polymeric side chains
attached to a linear polymer backbone.Due to the tunable
backbone length, side chain length, side chain composi-
tion and grafting density, properties of these polymers are
highly designable. Applications of bottlebrush polymers
arewide-ranging; these include photonicmaterials, litho-
graphic patterning, drug delivery, and tumour detection
and imaging [1].

There have been a few theoretical and simulation stud-
ies concerning the conformation of bottlebrush polymers
[2–17]. Emphasis has been laid on both backbone

CONTACT Walter G. Chapman wgchap@rice.edu

and side chain conformations. Properties concerning
backbones include but are not limited to contour length,
persistence length and radius of gyration. For the side
chain conformations, most interest has been shown in
side chain layer thickness and radius of gyration. Back-
bone and side chains strongly influence each other
[11,12,15,18]. For instance, as the grafting density of the
side chains increases, the intrinsically flexible backbone is
forced into an extended conformation. At the same time,
the conformational changes of side chains due to vary-
ing solvent quality showdifferent patterns if the backbone
itself can extend or contract at various solvent strengths.
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Among all the models, it is interesting to consider a
rigid backbone, which allows a thorough study of side
chain conformations. Although somewhat simplified, the
parameter space remains vast and makes the problem
nothing near simple.

One pioneering work under this assumption is the
work of Ball et al. [2]. They used self-consistent field the-
ory to study the conformations of side chains in melt
conditions and found that the end segments of side chains
are excluded from a zone near the grafting surface. In
contrast, Murat and Grest [9], who applied molecular
dynamics simulation for a good solvent case, found no
evidence for the existence of such a ‘dead zone’. In the fol-
lowing year, Dan and Tirrell [19] utilised self-consistent
field analysis and made an effort to resolve the discrep-
ancies between the two previous works. They succeeded
to some extent but also posted several new results. Later,
Denesyuk [3] used a variational approach with a mean-
field approximation to calculate the dominant trajecto-
ries of side chains, and found that the segment density in
the centre of backbone was only slightly lower than that
calculated near the backbone ends and local properties of
bottlebrush polymers were fairly homogeneous. Sheiko
et al. [13] identified different regions of conformations
that side chains would fall in. At low grafting density,
the side chains would not overlap with each other. So
they behave like Gaussian coils in good solvent condi-
tion and individual globules in poor solvent condition.
At higher grafting density, the side chains would interact
with each other strongly. They became swollen brushes
in good solvent and collapsed brushes or pearl-necklace
clusters under poor solvent conditions. This classification
of different states has been confirmed by the molecular
dynamics simulations of Theodorakis et al. [14] and they
further found that the transition between stretched and
collapsed brushes occurred in a rather gradual manner.

Recently, researchers have paid more attention to the
design and synthesis of bottlebrush polymers with side
chains consisting of multiple components. As discussed
in the review paper of Zhang and Müller [20], popu-
lar two-component bottlebrush polymers include block-
type, mixed-type and core-shell-type. A block-type bot-
tlebrush has side chains of the same component in a
certain range of the backbone while a mixed-type bottle-
brush has side chains of both components mixed along
the backbone. Depending on the distribution of the two
different side chains, their interaction parameters, and
the nature of the solvent, side chains of a mixed-type bot-
tlebrush can segregate into two different hemicylinders
and these mixed-type bottlebrushes are also called Janus-
type bottlebrushes. What block-type and mixed-type
bottlebrush polymers have in common is that although
there are two different components that form the side

chains, within a single chain, there is only one compo-
nent. By contrast, for the core-shell bottlebrush, each side
chain is actually the same, but contains blocks of two
components.

Due to the distinct properties of components and
peculiar structure of the molecule, two-component bot-
tlebrush polymers have diverse applications. In the study
of Hong et al. [21], thin films were formed from
the self-assembly of block-type bottlebrush polymers.
Porous templates and scaffolds were further obtained by
selective etching of one component. Mixed-type bottle-
brush (no Janus structure forming) with hydrophobic
polystyrene (PS) and hydrophilic poly(ethylene glycol)
(PEG) side chains were synthesized by Li et al. [22]
and displayed different surface properties in selective
solvents, showing potential as stimuli-responsive coat-
ings. Amphiphilic core-shell bottlebrush polymers may
be potentially utilised as unimolecular micelles with
advantages over the conventional micelles from linear
amphiphilic diblock copolymers [23–25].

Again, with the assumption of a rigid backbone,
several theoretical and simulation studies have been
devoted to the study of side chain properties of two-
component bottlebrush polymers. Theodorakis et al. [16]
used Molecular Dynamics simulation to study the side
chain conformations of a Janus-type bottlebrush poly-
mer. They considered a symmetric binary system and
found that chains of two different components collapsed
independently at low grafting density but formed a Janus
dumbbell-type structure at high grafting density. Erukhi-
movich et al. [4] studied the same type of system and
further explored how solvent quality would affect the
competition between the tendency of microphase sep-
aration to develop periodic order in the axial direction
and the tendency to form a Janus-type structure. Polotsky
et al. [10] used self-consistent field approach to study the
structure of core-shell bottlebrush with a solvent-phobic
inner block and a solvent-philic outer block. They found
that a decrease in the solvent strength for the core block
leads to an instability in the cylindrically uniform struc-
ture and the appearance of longitudinal undulations in
the collapsed core, in agreement with their experimental
observations.

In this work, we systematically study how differ-
ent parameters will affect the side chain conformations
using inhomogeneous statistical associating fluid theory
(iSAFT). iSAFT is a density functional theory (DFT)
for inhomogeneous complex polymeric fluids. Based on
rigorous statistical mechanics [26–29], DFT is proved
to provide detailed information for fluid structures at a
calculation expense advantageous as compared to simu-
lation methods. Compared with other theories such as
self-consistent field theory, DFT can properly capture
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local density fluctuations, such as ‘layering’ (density oscil-
lations) near the wall. However, implementation of DFT
formulation is usually non-trivial, especially in high
dimensions or non-Cartesian coordinate systems. Rea-
sonable assumptions and efficient algorithms are usually
needed to facilitate computation. Following the work of
Segura et al. [30], polyatomicDFTswere developed based
on a bulk-free energy [31,32] for associatingmolecules or
a free energy functional [33]. These DFTs demonstrated
that the polyatomic system could be modelled as a mix-
ture of associating atomic fluids in the limit of complete
association. The free energy functional approach, called
iSAFT, was extended to satisfy stoichiometry by Jain et al.
[34] and further extended to study branched molecules
[35] and associating polyatomic molecules [36], demon-
strating the versatility to apply to molecules of differ-
ent architecture. With appropriate adaptation, iSAFT has
been successfully applied to investigate block copoly-
mers in confinement [34], tethered polymers [37–40],
polymer-colloid/nanoparticle mixtures [41–43], micelle
formation [44,45] and dendrimer systems [46,47]. One
can also turn to the paper by Emborsky et al. [48] for a
good review.

To the best of our knowledge, no density functional
approaches have been applied to the bottlebrush-type
molecules. Thus, we extend iSAFT to study the con-
formations of side chains of a bottlebrush polymer in
solvents of different quality. One advantage of DFT is that
explicit solvent can be easily considered with little addi-
tional computational expense, but to provide consistency
with other studies, solvent molecules are implicit in this
study. The effect of solvent is incorporated in the inter-
actions between polymer segments. We have also per-
formedmolecular dynamics simulations using LAMMPS
to justify the iSAFT results. For clarity, simulation details
are included in the appendix.

The paper is organised as follows. In Section 2, we
explain the general iSAFTmodel. In Section 3, we model
the side chains of a bottlebrush polymer in an implicit sol-
vent and explore the effect of varying different parameters
on chain conformations. Scaling analyses are performed
for both good and poor solvent. We also extend the
model to a core-shell bottlebrush polymer and a mixed-
type bottlebrush polymer, studying how the molecular
structure would be changed by varying the chain length
of different components. The effect of explicit solvent
will be the subject of another study. Section 4 gives our
conclusion.

2. Model and theory

Our model is set up in cylindrical coordinates. We
assume that the backbone is a rigid hard rod of infinite

Figure 1. Schematic of bottlebrush polymer model.

length. The side chains are uniformly distributed on the
surface of the backbone and each side chain is modelled
as a flexible chain of tangentially bonded segments. The
density of side chain segments is assumed to vary only
along the direction perpendicular to the axis of the back-
bone, which is set as the origin. As depicted in Figure 1,
structural parameters of this model include the graft-
ing density of side chains ρg , length of side chains (or
equivalently, number of side chain segments) N, radius
of backbone Rb and diameter of segment σ , which is
temperature-independent. The centre of the tethered seg-
ment is right at the backbone surface. All segments inter-
act through repulsive and attractive contributions, given
by the following pair potential:

u(r12) = uref (r12) + uatt(r12) (1)

where r12 is the distance between two segments.
The reference fluid contribution uref is taken as a hard

sphere repulsive interaction

uref (r12) = uhs(r12) =
{

∞, r12 < σ

0, r12 ≥ σ
(2)

The intermolecular attractions uatt are described as a cut-
shifted Lennard-Jones attractionwith aWeeks, Chandler,
and Andersen (WCA) separation [49,50]

uatt(r12) =
{
uLJ(rmin) − uLJ(rc) if σ < r12 ≤ rmin

uLJ(r12) − uLJ(rc) if rmin < r12 ≤ rc
(3)

where

uLJ(r12) = 4εLJ
[(

σ

r12

)12
−

(
σ

r12

)6
]

(4)

rmin = 21/6σ is the position of the Lennard-Jones poten-
tial minimum and rc = 3.5σ is the cut-off distance. The
sum of uref and uatt serves as a good approximation of the
cut-shifted Lennard-Jones potential as used in simulation
(see Appendix for details).
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2.1. iSAFT density functional theory

Traditional DFTs are formulated for an open system in
the grand canonical ensemble. So the system is at fixed
volume (V), temperature (T) and chemical potential (μ)
in the presence of an external field (Vext(r)). The grand
free energy functional �[ρ] for a system of chain flu-
ids can be related to the intrinsic Helmholtz free energy
functional A[ρ] as

�[ρi(r)] = A[ρi(r)] −
N∑
i=1

∫
dr′ρi(r′)(μi − Vext

i (r′))

(5)
where ρi is the density of segment i, μi is its chemical
potential, Vext

i is the external field acting on segment i,
and the sum is over all the N segments of the chain.
For the system at equilibrium, the grand free energy is
minimised. Minimisation of the grand free energy with
respect to the density of the segments yields a system
of variational equations, known as the Euler–Lagrange
equations

δA[ρi(r)]
δρi(r)

= μi − Vext
i (r) ∀ i = 1, . . . ,N (6)

The Helmholtz free energy functional can be decom-
posed into an ideal and excess contribution.

A[ρi(r)] = Aid[ρi(r)] + Aex,hs[ρi(r)] + Aex,chain[ρi(r)]

+ Aex,att[ρi(r)] (7)

The ideal contribution comes from the ideal gas state of
the atomic mixture (id). The excess contribution of the
free energy is due to excluded volume effects (hs), chain
connectivity (chain) and long-range attraction (att).

The ideal gas functional is known exactly

βAid[ρi(r)] =
∫

dr1
N∑
i=1

ρi(r1)[ln ρi(r1) − 1] (8)

where β = 1/(kBT).
The hard sphere contribution Aex,hs[ρi(r)] is cal-

culated from Rosenfeld’s fundamental measure theory
(FMT) [51] for a mixture of hard spheres

βAex,hs[ρi(r)] =
∫

dr1�[nα(r1)] (9)

where �[nα(r)] is given by

�[nα(r)] = −n0 ln(1 − n3) + n1n2 − nv1 · nv2
1 − n3

+ n32 − 3n2(nv2 · nv2)
24π(1 − n3)2

(10)

and nα(α = 0, 1, 2, 3, v1, v2) are the fundamental mea-
sures.

The attraction term Aex,att[ρi(r)] is accounted for by
the mean-field approximation [52]

βAex,att[ρi(r)] = 1
2

N∑
i=1

N∑
j=1

∫
dr1 dr2βuattij (|r2 − r1|)

× ρi(r1)ρj(r2) (11)

Wertheim’s TPT1 [26–29], as extended byChapman [53],
is used to calculateAex,chain[ρi(r)] by forcing amixture of
spherical segments to bond in a specified order to form
the chain. Thus, the chain contribution to the free energy
functional is obtained by taking the complete bonding
limit of an association free energy functional

βAex,assoc[ρi(r)] =
∫

dr1
N∑
i=1

ρi(r1)

×
∑

α∈�(i)

(
lnχ i

α(r1) − χ i
α(r1)
2

+ 1
2

)

(12)

The first summation is over all segments i and the second
is over all the association sites on segment i. χ i

α denotes
the fraction of segments of type i that are not bonded at
their associating site α, which can be obtained by the law
of mass action [30,53],

χ i
α(r1) = 1

1 + ∫
dr2

∑N
j=1 ρj(r2) × ∑

β∈�(j)

χ
j
β(r2)ij(r1, r2)

(13)

The association strength ij(r1, r2) is controlled by

ij(r1, r2) = KFij(r1, r2)yij(r1, r2) (14)

where K is a constant geometric factor which accounts
for the entropic cost associated with the orientations
and bonding volume of two segments. Fij(r1, r2) is the
associating Mayer-f function given as [34]

Fij(r1, r2) = exp
[
βε0 − βvijbond(r1, r2)

]
− 1 (15)

where ε0 is the bond energy and vijbond(r1, r2) is the
bonding potential. In the complete association limit
of ε0 → ∞, the chain contribution to the free energy
Aex,chain[ρi(r)] can be obtained. For tangentially bonded
segments, the bonding potential is given by

exp
[
−βvijbond(r1, r2)

]
= δ(|r1 − r2| − σ ij)

4π
(16)

and yij(r1, r2) is the cavity correlation function for inho-
mogeneous hard sphere reference fluid. yij(r1, r2) is
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approximated by [34]

ln yij(r1, r2) = 1
2
{ln yij[ρ̄k(r1)] + ln yij[ρ̄k(r2)]} (17)

where ρ̄k(r1) is the weighted density of segment k at
position r1. In the current work, a simple weighting is
used

ρ̄k(r1) = 3
4π(σk)3

∫
|r1−r2|<σk

dr2ρk(r2) (18)

and the expression for yij[ρ̄k(r1)], the cavity correla-
tion function for homogeneous hard sphere fluid, is only
needed at contact and can be found at Equation (23) in
the work of Tripathi and Chapman [33].

2.2. Functional derivatives of free energies

The functional derivatives of the free energies are given
as

δβAid[ρi(r)]
δρi(r)

= ln ρi(r) (19)

δβAex,hs[ρi(r)]
δρi(r)

=
∫

dr1
δ�[nα(r1)]

δρi(r)
(20)

δβAex,att[ρi(r)]
δρi(r)

=
N∑
j=1

∫
|r−r1|>σij

dr1βuattij

× (|r − r1|)ρj(r1) (21)

δβAex,chain[ρi(r)]
δρi(r)

=
∑

α∈�(i)

lnχ i
α(r)

− 1
2

N∑
j=1

{j′}∑
j′

∫
dr1ρj(r1)

× δ ln yjj′[ρ̄k(r1)]
δρi(r)

(22)

where {j′} is the set of all segments bonded to segment
j. The first term on the right-hand side of Equation (22)
enforces stoichiometry. The cavity correlation function is
further approximated by its bulk counterpart evaluated at
the weighted density as Equation (17).

Substituting the functional derivatives of the free ener-
gies in Euler–Lagrange equation Equation (6) gives

ln ρi(r) +
∑

α∈�(i)

lnχ i
α(r) = Di(r) + β(μi − Vext

i (r))

(23)

where Di(r) is given by

Di(r) = −δβAex,hs[ρi(r)]
δρi(r)

− δβAex,att[ρi(r)]
δρi(r)

+ 1
2

N∑
j=1

{j′}∑
j′

∫
dr1ρj(r1) × δ ln yjj′[ρ̄k(r1)]

δρi(r)

(24)

2.3. Side chains tethered to the backbone

For the bottlebrush polymer model, we follow Figure 1
to denote segments. The external field exerted by the
backbone surface on the tethered segment 1 is

Vext
1 (r) =

{
u if r = Rb
∞ otherwise

(25)

and for other segments

Vext
i (r) =

{
∞ if r < Rb + σ/2
0 otherwise

(26)

The density of side chain segments can be expressed as
follows. For segment 1,

ρ1(r1) = exp(βμM − βu) exp[D1(r1)]

× I1,1(r1)I2,1(r1)δ(r1 − Rb) (27)

The delta function δ(r1 − Rb) accounts for the fact that
segment 1 is tethered at the backbone surface and for the
other monomer segments i = 2, . . . ,N,

ρi(ri) = exp(βμM − βu) exp[Di(ri)]

× I1,i(ri)I2,i(ri)θ(ri − Rb − σ/2) (28)

where the Heaviside step function θ(ri − Rb − σ/2)
accounts for the fact that segments starting from i = 2
have to be at least Rb + σ/2 away from the axis. μM
is the ‘chemical potential’ of the whole chain imposed
by the tether condition. I1,i and I2,i are multiple inte-
grals introduced by Jain et al. [34] to facilitate solving the
Euler–Lagrange equations for linear chains. The integrals
are solved using the following recurrence:

I1,1(r1) = 1 (29)

I1,i(ri) =
∫

I1,i−1(ri−1) exp[Di−1(ri−1)]

× (i−1,i)(ri−1, ri) dri−1 (30)
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and

I2,n(rn) = 1 (31)

I2,i(ri) =
∫

I2,i+1(ri+1) exp[Di+1(ri+1)]

× (i,i+1)(ri, ri+1) dri+1 (32)

The total density of side chain segments is calculated as

ρM(r) =
N∑
i=1

ρi(r) (33)

The value of exp(βμM − βu) can be obtained from the
grafting density ρg as∫

ρ1(r1) dr1 = exp(βμM − βu) exp[D1(r1)]

× I1,1(r1)I2,1(r1) = ρg (34)

then we have

exp(βμM − βu) = ρg

exp[D1(r1)]I1,1(r1)I2,1(r1)
(35)

Substituting the equation into Equation (28) gives the
density profile of all the othermonomer segments. In this
work, the radius of backbone Rb is set to be the same as
σ , corresponding to a high curvature.

The density profile is solved using Picard’s iteration
method. The iterations start with a flat density profile
as the initial guess and do not stop until the differ-
ence between two density profiles

∑K
k=1 | ∑n

i=1 ρnew
i,k −∑n

i=1 ρold
i,k | is smaller than 10−5.K is the maximum point

of the discretisation mesh grid and n is the number of
different segment types. Along with the assumption that
there is only inhomogeneity along the radial direction,
Fast Hankel Transformation Algorithm [54] is applied
to facilitate the iterative evaluation of convolutions, with
more details in the appendix.

3. Results and discussion

3.1. One-component bottlebrush polymer in
implicit solvent

Before applying the theory to any case, it is important to
check how good it is to assume that the density of side
chain segments only varies along the direction perpen-
dicular to the axis of the backbone. In Figure 2,we plot the
density profiles along the axial direction from simulation
for different combinations of N and ρg and for different
solvent qualities. The athermal condition is equivalent to
temperature being infinitely high, and thus representing
a good solvent case. At T∗ = kBT/ε = 1, where the side
chain segments display strong attraction with each other,

represents a poor solvent case. Starting from a high graft-
ing density ρg = 0.5, the density profiles are flat for both
good and poor solvents despite the fluctuation from sim-
ulation, indicating conformations of swollen or collapsed
brushes. At ρg = 0.3, the density profiles are overall flat
for the good solvent case but show some sign of undula-
tion for the poor solvent case, and the relative undulation
is more obvious for a lower N. At ρg = 0.1, the undula-
tion becomes significant even for the good solvent case
and for the poor solvent case, we see that the sinusoid-like
density profiles actually reach zero at certain positions for
N = 25, 50, 100. This indicates the appearance of pinned
or pearl-necklace clusters, in agreement with the studies
of Sheiko et al. [13] and Theodorakis et al. [14]. Finally, at
ρg = 0.01, for all chain length N considered, the density
profiles in good or poor solvent show patterns of spikes,
corresponding to the Gaussian coils or individual glob-
ules. In Figure 3, we show simulation snapshots of the
five possible side chain conformations as described in the
diagram of states by Sheiko et al. [13].

Therefore, the assumption that the density of side
chain segments solely varies along the radial direction is
only valid at relatively high grafting extent of side chains
and this high grafting condition is even more stringent
in the case of poor solvent. Similar observations have
beenmade for a two-component mixed-type bottlebrush
polymer by Erukhimovich et al. [4] using both weak seg-
regation theory [55,56] and MD simulations. We also
refer readers who are interested in axial/helical ordering
to some other papers [10,57]. Consequently, to have con-
vincing iSAFT results, we will limit our study to bottle-
brush polymers of relatively high grafting extent (we do
include several low grafting extent cases in the appendix
and show the performances of our model under those
conditions). For all the cases studied in the main con-
tents, N and ρg are chosen that the grafting extent vari-
able [13] N1/2ρg ≥ 1.5, which is the threshold obtained
from the combination of N = 25 and ρg = 0.3.

We start with the effect of solvent quality on side chain
conformations. We fix the segment number N = 50
and grafting density ρg = 0.3. As we can see from the
Figure 4(a), the conformation of side chains transitions
from a collapsed structure to a swollen structure as the
temperature increases. There is good agreement between
theory and simulation results. We see that iSAFT is also
able to predict the oscillation behaviour of density pro-
file near the backbone surface, with similar period and
number of peaks as that of simulation. Another advan-
tage of iSAFT is that densities of all individual segments
are traceable. Figure 4(b) gives the density profiles of
the end segments of side chains for different conditions.
Besides the semi-quantitative agreement between theory
and simulation, we also see that there are end segments in
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Figure 2. Axial density profiles of all segments for different conditions fromMD simulation. (a)ρg = 0.5, athermal. (b)ρg = 0.5, T∗ = 1.
(c)ρg = 0.3, athermal. (d)ρg = 0.3, T∗ = 1. (e)ρg = 0.1, athermal. (f )ρg = 0.1, T∗ = 1. (g)ρg = 0.01, athermal. (h)ρg = 0.01, T∗ = 1.
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Figure 3. Simulation snapshots of five typical configurations. The upper row and the lower row show top views and side views, respec-
tively. The diameter of all beads and the radius of the backbone are σ . Images are scaled for better visibility. N = 50 for all cases. (a)
Swollen brushes at athermal condition and ρg = 0.5. (b) Collapsed brushes at T∗ = 1 and ρg = 0.5. (c) Pinned clusters at T∗ = 1 and
ρg = 0.1. (d) Gaussian coils at athermal condition and ρg = 0.01. (e) Collapsed globules at T∗ = 1 and ρg = 0.01.

Figure 4. Radial density profiles of (a) all segments (b) end segment of side chains in solvents of varying quality. ρg = 0.3, N = 50. The
solid lines represent iSAFT results and the dashed lines represent simulation results.

contact with the backbone and no ‘dead zone’ or ‘exclu-
sion zone’ occurs. This is consistent with the finding of
Murat and Grest [9].

We study the effect of side chain length N on the con-
formation of side chains. As shown in Figure 5, whether it
is a good or poor solvent, an increase in side chain length
will mainly result in a horizontal stretch of the density
profile and the peak height is almost the same for the
same solvent quality. However, we do see a lower peak
height for the density profile of N = 25 at T∗ = 1 com-
pared to the others in Figure 5(b), more obviously from
the simulation curve. The reason behind this result may
be that the combination ofN = 25, ρg = 0.3 has actually
shifted from a high graft density region to an interme-
diate density region. The results in Figure 5 are also in
qualitative agreementwith results of scattering studies for
bottlebrush sides chains. [18].

The effect of grafting density ρg on the conforma-
tion of side chains can be studied similarly. As shown in

Figure 6, with an increase of ρg , the density profilemainly
heightens in the athermal case but widens atT∗ = 1. This
is because when the side chains are swollen in a good sol-
vent, they are fully stretched and there is enough space to
accommodate more chains. However, in a poor solvent,
the sides chains are collapsed and densely packed near
the backbone, and addition of new chains have to push
segments further away from the backbone.

With the density profile, the average brush height of
side chains (or layer thickness) 〈h〉 can be calculated
from 〈

h
〉 =

∫
ρ(r)(r − Rb)2πr dr∫

ρ(r)2πr dr
(36)

Scaling theory predicts that the scaling variable for 〈h〉
changes with solvent quality. For sufficiently large graft-
ing density, the average height 〈h〉 is dependent on both
grafting density ρg and chain lengthN. It is predicted that
for good solvent, 〈h〉 ∼ N3/4ρ

1/4
g and for poor solvent,
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Figure 5. Radial density profiles of all segments for side chains of different length N at (a) athermal condition (b) T∗ = 1. ρg is fixed at
0.3. The solid lines represent iSAFT results and the dashed lines represent simulation results.

Figure 6. Radial density profiles of all segments for side chains of different grafting density ρg at (a) athermal condition (b) T∗ = 1. N is
fixed at 50. The solid lines represent iSAFT results and the dashed lines represent simulation results.

〈h〉 ∼ N1/2ρ
1/2
g [13]. Figure 7 shows that iSAFT agrees

with these scaling relations.
To conclude this section, we see that there is a semi-

quantitative agreement between iSAFT and MD simula-
tion for the results of one-component bottlebrush poly-
mer. As mentioned in the introduction, iSAFT is com-
putationally more efficient than MD simulations. From
our computation, it takes on average around 10min for
iSAFT to get one density profile with only 1 processor.
The computation time ismainly dependent on the granu-
larity of discretisation (we setmesh grid number as 109 or
1010) and the error tolerance allowed (10−5). The compu-
tation is quite stable except for cases with a combination
of high ρg and high N at the athermal condition. In a
good solvent, the density profile of dense, long side chains

tends to display a long flat tail with values close to zero,
generating a region that is hard to converge. Using a finer
discretisation mitigates the issue, while the algorithm
itself needs to be improved for better robustness. In com-
parison, it takes from 2min to 2 h for MD simulation to
get results of one case, with 24 processors. The compu-
tation time of MD simulation varies a lot and is highly
dependent on the number of beads. (See implementation
details in the appendix.)

The accuracy of the iSAFT density functional theory
is remarkable given the simplicity of the theory. As dis-
cussed above, the solution algorithm that assumes inho-
mogeneity in only the radial direction introduces some
error in the DFT, particularly at low grafting density.
Differences between iSAFT and simulation results also
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Figure 7. (a) Average Brush height 〈h〉 vs N3/4ρ1/4
g at athermal condition for combinations of ρg = 0.3, 0.5, 0.7 and different side chain

length. (b) Average Brush height 〈h〉 vsN1/2ρ1/2
g at T∗ = 1 for combinations ofρg = 0.3, 0.5, 0.7 and different side chain length. Symbols

of different shapes are theoretical results at different ρg. Dashed curves are linear fits to the data.

arise from inaccuracies in the contributions to the free
energy functional and due to approximations in the
solution approach. For example, long-range attractions
are estimated as a mean-field attraction in this work,
meaning that only first-order corrections are included
and the pair correlation function is set equal to one. A
weighted density approximation ofAex,att[ρi(r)] has been
shown to give better results in some cases [58,59]. How-
ever, we believe that the primary reason for any discrep-
ancy between theory and simulation is due to approx-
imations in the chain free energy functional. iSAFT is
based on extensions of thermodynamic perturbation the-
ory of first-order (TPT1), so the chain free energy func-
tional includes only two body correlations and neglects
chain–chain correlations (the single chain approxima-
tion) [60]. Thus improved agreement between simula-
tion and theory will result from the incorporation of
multibody correlations, particularly intramolecular cor-
relations, in the chain free energy functional and along
the bottlebrush. Recent studies that incorporate multi-
body correlations and include chain–chain correlations
for bulk fluids show the potential of extending iSAFT
[60–62].

3.2. Two-component bottlebrush polymer in
implicit solvent

It is easy to extend iSAFT to study the two-component
bottlebrush polymer, especially in the case of core-
shell type bottlebrush polymer since it will usually only
have one-dimensional density variance, which is along
the radial direction. While the block-type bottlebrush

polymer obviously displays inhomogeneity along the
axial direction, the mixed-type bottlebrush polymer
might also show only radial density variance if the two
types of segments are quite dissimilar in response to the
solvent and no Janus structure forms. In this section,
we will use iSAFT to model both core-shell-type and
mixed-type bottlebrush polymers.

As for the two types of segments, we denote them as A
and B, and set the interaction energy between segments
as ε∗

AA = 0.8, ε∗
BB = 0.2 and ε∗

AB = 0. ε∗ = ε/(kBT) is the
reduced energy parameter. This parameterization mim-
ics the case that segment A is solvent-phobic, segment B
is solvent-philic, A and B interact as hard chains towards
each other.

3.2.1. Core-shell bottlebrush polymer
For core-shell bottlebrush polymers, we firstly model the
case where block A is tethered to the backbone. We fix
the number of A segments NA = 25 and vary the num-
ber of B segmentsNB. As we see in Figure 8, the segments
of A block are compressed near the backbone surface
and we see an extended conformation of block B start-
ing from where A segments vanish. As we vary NB, there
is hardly any change in the conformation of block A but
a more stretched structure for block B due to the increase
of chain length. It indicates that A segments will simply
hide inside the bottlebrush polymer, shielded by the outer
layer of B segments.

Then, we switch the roles of block A and B, teth-
ering block B to the backbone. Similarly, we fix the
number of B segments NB = 25 and vary the number
of A segments NA. When NA = 5, we see that A block
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Figure 8. Radial density profiles of segments A andB and total (dashed, solid anddotted lines)whenblockA is tethered to the backbone.
Number of segment A, NA is fixed at 25 and number of segment B, NB is 5 in (a), 15 in (b) and 25 in (c). Other parameters: ρg = 0.3, ε∗

AA =
0.8, ε∗

BB = 0.2, ε∗
AB = 0.

folds back towards the backbone surface and it is partly
shielded by B block. As NA increases, A block starts to
migrate to the exterior of bottlebrush polymer, forming a
more andmore compressed layer. Although there are still
a few B segments around, we see an overwhelming dom-
inance of A segments at the outer layer. These different
conformations of side chains are illustrated in Figure 9. In
this system, A block is solvent-phobic and would rather
stay near the backbone to hide from the solvent, while B
block likes contact with the solvent. This is the enthalpic
effect. On the other hand, folding back of A block creates
a region with high density and limits the mobility of B
block, resulting in a larger entropic penalty. The different
structures presented in Figure 9 are a result of the com-
petition between the enthalpic effect and entropic cost,
aiming to reach minimum free energy.

3.2.2. Mixed-type bottlebrush polymer
For mixed-type bottlebrush polymers, we set that both
A side chains and B side chains have a grafting den-
sity ρg = 0.15. ForNA = NB = 40, from Figure 10(c), we
see that the side chains form a bi-layer structure and B
segments dominate the outer layer. If another solvent is
used and makes the effect that ε∗

AA = 0.2 and ε∗
BB = 0.8,

we would expect the switch of two layers and reversibil-
ity of surface properties. The PS-PEG mixed-type bot-
tlebrush polymer synthesized by Li et al. [22] showed
an increase in water contact angle after treatment with
cyclohexane vapour and a decrease after treatment with
methanol vapour. They also found that the length of side
chains played a role in determining contact angle and
compositional changes. Therefore, similar to the study of
core-shell bottlebrush polymers, we vary NA and NB to
see how the structure changes accordingly. As shown in
Figure 10, for all cases considered, A segments and B seg-
ments separate into two layers. The outer layer is made
up of B segments except for the case of NA = 40 and

NB = 8. In Figure 10(e), side chain B collapses although it
is solvent-philic. Themechanism behind this effect is still
the competition of enthalpic and entropic effects. While
side chain A wants to reduce the unfavourable contact
with side chain B and solvents, the short side chain B can-
not afford too strong entropic stretching. As a result, the
free energy is minimised with both side chains collapsing
and A segments dominating the outer layer.

If we look at Figure 10(b,d) together, it works just like
we change the quality of the solvent and thus switch the
chemical affinity of two types of segments with the sol-
vent. In both cases, the outer layer is formed by chains
consisting of the solvent-philic segments regardless of
the chain length. However, comparing Figure 10(a,e)
together, we find that it is the longer chains forming the
outer layers regardless of the solvents being favourable
or unfavourable towards them. This indicates that if
the side chain of one component is significantly longer
than the other, the molecule may not have the response
(outer layer switch) towards the solvent treatment. This
finding is in line with the water contact angle measure-
ments of PS-PEG mixed-type bottlebrush polymer [22].
The PS6K-m-PEG5K bottlebrush polymer has a con-
tact angle of 72.5◦ if treated by cyclohexane vapour and
63.8◦ if treated by methanol vapour. By contrast, the
contact angle of PS6K-m-PEG2K drops from 74.8◦ with
cyclohexane treatment to 71.1◦ withmethanol treatment.
Besides the difference in flexibility of PS and PEG chains,
the chain length disparity may account for the relative
smaller change of contact angle for PS6K-m-PEG2K,
which implies a less sensitive solvent response.

The results in this section show that if wewant to study
the surface properties of a core-shell or mixed-type bot-
tlebrush polymer, it is important to know the composi-
tions of the outer layer, and that can be highly dependent
on the design of side chains. Given the comparable size
of monomers and flexibility of chains, chain (or block)
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Figure 9. Radial density profiles of segments A andB and total (dashed, solid anddotted lines)whenblock B is tethered to the backbone.
Number of segment B, NB is fixed at 25 and number of segment A, NA is 5 in (a), 15 in (b) and 25 in (c). Other parameters: ρg = 0.3, ε∗

AA =
0.8, ε∗

BB = 0.2, ε∗
AB = 0.

Figure 10. Radial density profiles of segments A, B and total (dashed, solid and dotted lines) for a mixed-type bottlebrush polymer. (a)
NA = 8,NB = 40. (b)NA = 20,NB = 40. (c)NA = 40,NB = 40. (d)NA = 40,NB = 20. (e)NA = 40,NB = 8. Other parameters: ρg = 0.15
for both chain A and chain B, ε∗

AA = 0.8, ε∗
BB = 0.2, ε∗

AB = 0.

length of different components can be a key factor. In the
future, we will consider the explicit solvent, which not
only makes a more realistic system, but also introduces
other important factors such as solvent size.

4. Conclusion

We have applied iSAFT to study the structure of side
chains of a bottlebrush polymer at high grafting extent.
An implicit solvent is considered. Although a rigid bot-
tlebrush backbone is assumed, we have found a variety

of polymer conformations for different solvent quali-
ties. In addition, no ‘dead zone’ is discovered for the
conditions studied. By changing the grafting density
or side chain length, the radial density profile will
shift following certain patterns. The theoretical results
reach a semi-quantitative agreement with our molec-
ular dynamics simulation. The scaling relationship for
the brush height is consistent with previous literature.
The one-component model is further extended to a two-
component model and we explore the surface properties
of a core-shell or mixed-type bottlebrush polymer con-
sisting of amphiphilic components. The theory predicts
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that the composition of the outer layer is dependent on
the chain (block) length of two components. This type
of knowledge is important in the design and application
of responsive materials. Compared with molecular sim-
ulation, iSAFT has the great advantage of computational
efficiency and the future work will focus on inclusion of
explicit solvent and extension of iSAFT to a 2D space,
potentially relaxing constraints such as infinite length
of backbone, and providing more insights into real
applications.
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Appendices

Appendix 1. Simulation details

Molecular dynamics simulations were used to simulate a sin-
gle bottlebrush polymer in implicit solvent. The molecule was
modelled as a rod grafted with polymeric side chains at the
given density. The side chains are made of bead-spring freely
jointed united-atom monomers. The non-bonded interactions
and the monomer–rod interactions are calculated with a trun-
cated and shifted Lennard-Jones potential. The 12-6 Lennard-
Jones potential form is used.

uLJ(r) = 4εLJ
[(σ

r

)12 −
(σ

r

)6]
(A1)

where εLJ is thewell depth,σ is the particle diameter and r is the
distance. The potential reaches its minimum at rmin = 21/6σ .

The monomer–monomer interactions are given as

uss(rij) = uLJ(rij) − uLJ(rc) (A2)

where rij is the distance between the centres of the two beads.
For all monomers, massm = 1, εLJ = 1, σ = 1, and rc = 3.5σ .
For athermal case, we changed the cut-off radius to rc = rmin.

The monomer–rod interactions is given as

urs(riz) = uLJ(riz − Rb + 0.5σ) − uLJ(rmin) (A3)

where riz is the distance of the centre of the bead from the axis
of the rod. Rb is the radius of the rod or backbone. It should be
noted that the grafted bead remains fixed, and does not interact
with the rod.

The bonded monomer interactions is represented by a har-
monic potential.

ubond(rij) = K(rij − r0)2 (A4)

whereK = 1662εLJ/σ 2 is the spring constant and r0 = σ is the
equilibrium bond length.

The initial configuration was constructed as follows. The
grafting monomers were randomly placed on the surface of
the rod at the given density. The side chains were then grown
radially outwards to the given chain length. The simulations
were carried using LAMMPSmolecular dynamics code [63,64].
All the snapshots were generated using The Open Visuali-
sation Tool (OVITO) [65]. The rod axis was aligned in the
z-direction with the centre at the origin of the xy plane, and
periodic boundary conditions were established. The system
size in the xy dimensions were adjusted ensuring there is min-
imum of 20σ space between the molecule and its periodic
image, avoiding any interactions between them. The height of
the rod was set at 40σ . The time step was chosen as t =
0.0012τ , where τ = σ

√
m/εLJ . The temperature T∗ was con-

trolled using Nosé–Hoover thermostat with a damping factor
of 3τ . All simulations wereminimised using conjugate gradient
method and initialised at a temperature of T∗ = 6.5. The sys-
temwas then cooled to the desired temperature in 5 × 105 time
steps, and further relaxed at the given temperature for 5 × 105
time steps. The thermostat was then turned off and a produc-
tion run was carried out for 1 × 106 steps, saving frames every
1000 time steps.

Appendix 2. Fast Hankel Transform Algorithm

In this appendix, we outline the steps to evaluate the weighted
densities which are the convolutions

nα
i (r) =

∫
ρi(r′)ωα(Ri − |r − r′|) dr′ (A5)

According to the convolution theorem, the Fourier trans-
formed convolution nα

i (r) can be expressed as

ñiα(k) = ρ̃i(k)ω̃α(k) (A6)

where ρ̃i(k) and ω̃α(k) are the Fourier transformed density
distribution and weighting functions. The basic strategy to
evaluate the convolutions in modified iSAFT is to first evalu-
ate the Fourier transforms of the convolution then perform an
inverse transform to the transformed convolutions.

http://lammps.sandia.gov
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Following this route, free energy functional derivatives from
different contributions can be numerically evaluated by Fourier
transform. The transforms of fundamental measure theory free
energy functional derivatives are given by Sears and Frink
[66]. The Fourier transform of mean-field contribution can be
expressed as

δÃatt

δρ̃i(k)
=

∑
j

ρ̃i(k)βũij(k) (A7)

where βũij(k) is the Fourier transform of WCA perturbation
attractive potential mentioned before.

There are two contributions to the chain connectivity in
modified iSAFT. One is the direct chain term δAchain,dir/δρi(r)
= − 1

2
∑N

j=1
∑{j′}

j′
∫
dr′ρj(r′)(δ ln yjj

′
/δρi(r)). This direction

chain term has a Fourier transform

δÃchain,dir

δρ̃i(k)
= −1

2

N∑
j=1

{j′}∑
j′

ρ̃j(k′)
∂ ln ỹjj′

∂ ˜̄ρi(k)
δ ˜̄ρi

δρ̃i(k)
(A8)

where the Fourier transformof theweighting function for chain
term δ ˜̄ρi

δρ̃i(k) has an analytic form

δ ˜̄ρi
δρ̃i(k)

= 3[sin(2|k|Ri) − 2|k|Ri cos(2|k|Ri)]
(2|k|Ri)3 (A9)

and the Fourier transform of partial derivative of cav-
ity correlation function with respect to weighted density
ρ̃j(k′)(∂ ln ỹjj′/∂ ˜̄ρi(k)) has to be numerically evaluated.

The second contribution to chain connectivity in modi-
fied iSAFT is the recursive integral I1,i(ri) and I2,i(ri) as stated

Figure A1. Radial density profiles of all segments for side chains of different length N at (a) athermal condition (b) T∗ = 1. ρg is fixed at
0.01. The solid lines represent iSAFT results and the dashed lines represent simulation results.

Figure A2. Radial density profiles of all segments for side chains of different length N at (a) athermal condition (b) T∗ = 1. ρg is fixed at
0.1. The solid lines represent iSAFT results and the dashed lines represent simulation results.
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Figure A3. Simulation snapshots atρg = 0.1 and T∗ = 1. The upper row and the lower row show top views and side views, respectively.
The diameter of all beads and the radius of the backbone are σ . Images are scaled for better visibility. (a) N = 100. (b) N = 200.

previously. The Fourier transforms of those recursive integrals
are Ĩ1,i(ki) and Ĩ2,i(ki). They are also evaluated in a recursive
fashion in Fourier space

Ĩ1,i(ki) = F
{

δ(|rj − rj−1| − σj−1,j)

4πσ 2
j−1,j

}

× F{I1,i(ri) exp[Dj−1(rj−1)]} (A10)

where the first part is body-averaged weighting function and it
has an analytic form

F
{

δ(|rj − rj−1| − σj−1,j)

4πσ 2
j−1,j

}
= sin(|k|σj−1,j)

|k|σj−1,j
(A11)

The Fourier transform of the second part has to be numerically
evaluated.

Appendix 3. iSAFTmodel for low grafting
conditions

As we discussed, the assumption that there is only inhomo-
geneity along the radial direction for the density of side chain
segments is no longer valid at low grafting extent. When the
grafting density is low enough, the side chains barely overlap.
They behave as Gaussian coils in a good solvent and as col-
lapsed globules in a poor solvent. Even for a moderate grafting
density, the side chains may form pinned clusters in a poor
solvent.

Here, we present several low-density cases where the sin-
gle dimension of inhomogeneity approximation is ‘mistak-
enly’ applied and see how the results could deviate from
simulation results. In Figure A1, we see there is significant
disagreement between iSAFT and simulation results at ρg =
0.01 for all values of N considered, particularly in the poor
solvent case. In Figure A2, ρg = 0.1 and we see a good
agreement for the good solvent case. This is consistent with
Figure 2(e), where there is some but not severe fluctua-
tion in density along the axial direction. For the poor sol-
vent case, iSAFT with the single dimension of inhomogene-
ity cannot capture the simulation results except for the case
of N = 200, where the simulation curve is apparently dif-
ferent from those of lower N. Again, in Figure 2(f), we see
the three curves corresponding to N = 25, 50 and 100 reach
zero at several positions while the density profile for N = 200
have substantial values at all positions despite the oscillatory
behaviour. In Figure A3, we take simulation snapshots of bot-
tlebrush polymers at ρg = 0.1 and T∗ = 1 for N = 100 and
N = 200, respectively. It clearly shows that the side chains form
pinned clusters for N = 100 but become collapsed brushes
for N = 200.

All these results further verify that with the single inhomo-
geneity assumption, iSAFT is only able to handle relatively high
grafting bottlebrush polymers, or more specifically, conforma-
tions of swollen or collapsed brushes. In addition, both ρg and
N play a role in determining the grafting extent of the side
chains.
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